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Abstract

We consider the rank minimization problem from quadratic measurements, i.e., recov-
ering a rank r matrix X € R™" from m scalar measurements y; = a, XX 'ai, a; €
R™ ¢ =1,...,m. Such problem arises in a variety of applications such as quadratic re-
gression and quantum state tomography. We present a novel algorithm, which is termed
exponential-type gradient descent algorithm, to minimize a non-convex objective function
f(U) =237 (yi—a; UU "a;)?. This algorithm starts with a careful initialization, and
then refines this initial guess by iteratively applying exponential-type gradient descent.
Particularly, we can obtain a good initial guess of X as long as the number of Gaussian
random measurements is O(nr), and our iteration algorithm can converge linearly to the
true X (up to an orthogonal matrix) with m = O (nrlog(cr)) Gaussian random measure-
ments.

Mathematics subject classification: 90C26, 94A15.
Key words: Low-rank matrix recovery, Non-convex optimization, Phase retrieval.

1. Introduction

1.1. Problem setup.

Let X € R™™" be a fixed and unknown matrix with rank(X) = r, and our aim is to recover
X from given quadratic measurements, i.e.,

find X e R™", st. y=a XX a; = |a] X|3, i=1,...,m, (1.1)

where a; = (a;1,...,a;n) € R™ This problem is raised in many emerging applications of
science and engineering, such as covariance sketching, quantum state tomography and high
dimensional data streams [7,16,17]. A simple observation is that a] XX Ta; = a] XOOT X Ta;
where O € R"™*" is an orthogonal matrix. We can only hope to recover X up to a right
orthogonal matrix. There exists an orthogonal matrix O* € R"*" such that X O* has orthogonal
column vectors. Hence, throughout the paper we can assume that X has orthogonal column
vectors.

To recover X from given measurements (1.1), we consider the following optimization prob-

lem:
m

> i~ llalUl3)*. (1.2)

i=1
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The aim of this paper is to develop algorithms to solve (1.2).
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1.2. Related work
1.2.1. Low rank matrix recovery

Rank minimization problem is a direct generalization of compressed sensing [15,22]. For the
general rank minimization problem, it aims to reconstruct a low rank matrix @ € R™*" from
incomplete measurements, which can be formulated as the following programming

min rank(2)
ZeRnxn
subject to tr(A;Z) =vy;, i=1,...,m, (1.3)

where y; = tr(4;Q), 4; € R"*" i =1,...,m. In [26], Xu has proved that in order to guarantee
the solution of (1.3) is @ where @ € C™*™ and rank(Q) < r, the minimal measurement number
m is 4nr — 4r%. Since (1.3) is non-convex, it is challenging to solve it [18]. However, under
a certain restricted isometry property (RIP), this problem can be relaxed to a nuclear norm
minimization problem which is a convex programming and can be solved efficiently [4,22].

Noting that M := XX T is a low rank matrix, we can recast (1.1) as a rank minimization
problem. This means that we can use the nuclear norm minimization to recover the matrix M
and hence X:

min - [|Z]].
ZeHn
subject to tr(A;Z)=y;, i=1,...,m, (1.4)

where H,, := {Q € R"*" : Q = Q" } and A; = a;a}. Problem (1.4) was studied in [7,16] with
proving that m > Cnr Gaussian measurements are sufficient to recover the unknown matrix
M = XX " exactly. In [21], Rauhut and Terstiege also consider the case where the measurement
vectors a;,i = 1,...,m are from a tight frame.

1.2.2. Phase retrieval

Under the setting of r = 1, the (1.1) is reduced to phase retrieval problem. Phase retrieval is
to recover an unknown vector from the magnitude of measurements, which means to recover a
signal z € H” from measurements

yi = (e, 2)*, i=1,...,m, (1.5)

where a; € H" (H = C or R) are sampling vectors. This problem is raised in many imaging
applications due to the limitations of optical sensors which can only record intensity information,
such as X-ray crystallography [14,19], astronomy [11], diffraction imaging [13,24]. It has been
proved that m > 4n — 4 Gaussian measurements are sufficient to recover the unknown vector
up to a global phase [8]. In recent years, several different algorithms have been proposed to
solve it [1,2,9,10,20]. In [3], Candes et al. design Wirtinger flow algorithm for phase retrieval
which solves the following non-convex optimization problem
m

min x Z(yZ — |aful*)? (1.6)

ueCn 4m p ‘
and prove that the algorithm converges to the true signal up to a global phase with high
probability provided the measurement vectors are m = O(nlogn) Gaussian measurements.



640 M. HUANG AND Z.Q. XU

Following the work of [3], Chen and Candes [6] propose a modified gradient method which
is called Truncated Wirtinger Flow, and it removes the additional logarithmic factor in the
number of measurements m. In [12], Gao and Xu propose a Gauss-Newton algorithm to solve
(1.6) and they prove that, for the real signal, the algorithm can converge to the global optimal
solution quadratically with O(nlogn) measurements.

1.3. Our contribution

In [23,27], one designed algorithms for solving (1.2). In order to guarantee convergence
to the global optimal solution, the algorithm in [23] requires that m > C|| X%\, *nr? log® n,
while the algorithm in [27] needs m = O(r®k?nlogn), where x denotes the condition number of
XX T. In contrast to those algorithms, we aim to reduce the sampling complexity with removing
the additional logarithmic factor on n. In this paper, we propose a novel algorithm and call it
exponential-type gradient descent algorithm. For the initialization, we give a tighter initial guess
through a careful truncated skill; and for iteration update step, we add a moderate bounded
exponential-type function to the classical gradient. Particularly, we show the followings all hold
with high probability:

e We present a spectral initialization method which obtains a good initial guess provided
m > Co,?| X||%nr and a;,i = 1,...,m are Gaussian random vectors, where o,, 0, are
the smallest and the largest nonzero eigenvalues of the positive semidefinite matrix X X T.

e Starting from our initial guess, we refine the initial estimation by iteratively applying
a novel gradient update rule. If m > Co, 2| X||%nrlog(cr|| X|%/0.), then our algorith-
m linearly converges to a global minimizer X, up to a right orthogonal matrix. More
importantly, the step size in our algorithm is independent with the dimension n.

1.4. Organization

The paper is organized as follows. First, we introduce some notations and lemmas in Section
2. In Section 3, we introduce the exponential-type gradient descent algorithm for solving (1.2).
We study the convergence property of the new algorithm in Section 4. In Section 5, we introduce
the main idea for proving the results which are given in Section 4. Numerical experiments are
made in Section 6. At last, most of the detailed proofs are given in the Appendix.

2. Preliminaries

2.1. Notations

Throughout the paper, we assume that X = (z1,...,z,) € R"*" has orthogonal column-
s. Without loss of generality, we assume that ||z1||2 > [Jz2ll2 > -+ > [|zr]]2. We use the
Gaussian random vectors a; € R™, ¢ = 1,...,m as the measurement vectors and obtain
yi = a; XX Ta;,i = 1,...,m. Here we say the sampling vectors are the Gaussian random

measurements if a; € R™ are i.i.d. N(0,]) random variables. As we have the entire manifold
solutions given by X := {XO : O € O(r)}, where O(r) is the set of r x r orthogonal matrices,
we define the distance between a matrix U € R™*" and X as

d(U) := min || XO —Ullp. 2.1
(U) orélé?r)H I F (2.1)
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To state conveniently, we assume that
o1 >09>->0,>0 (2.2)

are the nonzero eigenvalues of the matrix X X .

2.2. Lemmas

We now introduce some lemmas which will be used in our paper. First, we recall a result
about random matrix with non-isotropic sub-gaussian rows [25, Eq. (4.22)].

Lemma 2.1 ([25, Eq. (4.22)]). Let A be an N x n matriz whose rows are A;, and assume
that ©71/2A; are isotropic sub-gaussian random vectors, and let K be the mazimum of their
sub-gaussian norms. Then for every t > 0, the following inequality holds with probability at
least 1 — 2 exp(—ct?):

. m t
||NA*A—EH2 < max(8,6%)||S |2 where 5:0\/7 %+_\/N
Here C, c are constants.

The next result is Bernstein-type inequality about sub-exponential random variables [25, The-
orem 2.8.2].

Lemma 2.2 ([25, Theorem 2.8.2]). Let X1,..., Xy be independent centered sub-exponential
random variables and K = max; | X;|y,. Then for every a = (a1,...,an) € RY and every
t > 0, we have

12 t }

N
P{ X, >t} <9 [— i ,
2 il 2t} <2exp |~ cmin (g, )

i=1

where ¢ > 0 is an absolute constant.

Lemma 2.3. For any § > 0, assume that m > 166 2n and a;,i = 1,...,m are Gaussian
random vectors. Then for any positive semidefinite matrices M € R™*",

1 &K+
- *<_ 1 ig *
(1= 0)[[M]] _m;az Ma; < (1+6)[|M]|

holds on an event Es of probability at least 1 — 2exp(—me2/2), where §/4 = € + € and the
norm || - ||« denotes the nuclear norm of a matriz. In particular, the right inequality holds for
all matrices.

Proof. The first part of this lemma is a direct consequence of Lemma 3.1 in [5]. Hence,
we only need to prove that the right inequality holds for all matrices. We assume the rank of
matrix M is r. Then by the singular-value decomposition, we can write M = Z;Zl ojujv]—-r,
where u;,v; are unit vectors. It implies that we just need to show

m

S (@] u)(a]v) <145

i=1

1
m
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holds for any fixed unit vectors u, v. Indeed, if we denote A := (a1, ...,a,)", then

IN

(1Aul3 + | Av]3) < o7ax(A),

2
where 07,

concerning the singular values of Gaussian random matrices, i.e.,

(A) is the maximum singular value of A. From the well known deviations bounds

P(0masx(A) > Vm + Vi +1t) < exp(—t*/2),

we arrive the conclusion if we take m > ¢ 2n and t = v/me.

3. Exponential-type Gradient Descent Algorithm

Our aim is to recover a matrix X € R™ " (up to right multiplication by an orthogonal
matrix) from quadratic measurements

yi = lla; X|3,  i=1,....m
by solving the non-convex optimization problem

min ()= 2> ( ~ o] VIR (31)

UERnxr
i=1

In this section, we will introduce an exponential-type gradient descent algorithm for solving
(3.1).

3.1. Spectral Initialization

The first step of our algorithm is to choose a good initial guess. In [23], Sanghavi, Ward
and White choose Uy = ZA'/? as the initial guess, where the columns of Z € R™*" are the
normalized eigenvectors corresponding to the r largest eigenvalues Ay > --- > A, of the matrix

Y = ﬁ ; yia;a; and the diagonal matrix A = diag(A1,...,A,) is given by A; = A\; — A.41. To

guarantee the convergence of the iterative method, the initialization method introduced in [23]
requires O(nr? log® n) measurements [23]. Motivated by the methods for choosing the initial
guess in [6] and [23], we introduce a novel initialization method which is stated in Algorithm
3.1. We prove that the new method just need O(nr) measurements to obtain the same accuracy
as the method suggested in [23].
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Algorithm 3.1. Initialization

Input: Measurements y; = ||a] X||?,i = 1,..., m, where a; are Gaussian random vectors;
parameter a, > 0.
Define Uy = UXY/2, where the columns of U are the normalized eigenvectors
corresponding to the r largest eigenvalues A\; > --- > A, of the matrix

. T
Y= m Zl Yiid; ﬂ{yig% 21Uk}
=
and the diagonal matrix X is given by

1
4= 5()\1 — Art1)-

Output: Initial guess Uy.

In our analysis, we require that the parameter o, in Algorithm 1 satisfies o, > C\/log(ckr),
where  is the ratio of the largest to the smallest nonzero eigenvalues of matrix XX " and C, ¢
are universal constants. It means that the choice of o, only depends on the condition number
% and the rank r of X.

3.2. Exponential-type Gradient Descent

The next step of our algorithm is to refine the initial guess by an update rule to search the
global optimal solution. In [23], Sanghavi, Ward and White iteratively update U via gradient
descent and they also prove the gradient descent method converges to the global optimal solution
provided m > Cnr log2 n. We next introduce an exponential-type gradient descent update rule.

For k =0,1,..., we take the iteration step as
UkJrl =Uy — ,LLVfCX(Uk); (32)

where V fox(-) denotes the exponential-type gradient given by

1 & my;
Vfex(U) = — ;(a:UUTai —a] XX a;)aa] U - exp ( - m) (3.3)
where a > 0. We state our algorithm as follows:
Algorithm 3.2. Exponential-type Gradient Descent Algorithm
Input: Measurement vectors: a; € R™,i =1,...,m; Observations: y € R™; Parameter

«; Step size p; € >0
1: Set T := clog %, where c is a sufficient large constant.
2: Use Algorithm 1 to compute an initial guess Uy .
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3:ork=0,1,2,...,T—1do

Uk—i—l = Uk - vaex(Uk)
=U,— £ (] UUTa; — yi)aia] U - exp ( - L)

o Z;Cn:1 Yk

4: End for
Output: The matrix Ur.

Remark 3.1. There is a parameter « in Algorithm 2. Throughout this paper, we select the
parameter o > 20. Numerical experiments in Section 6 show that the algorithm’s performance
is not sensitive to the selection of a.

4. Main results

In this section we present our main results which give the theoretical guarantee of Algorithm
2. We first study Algorithm 1 with showing that our initial guess Uy is not far from {XO : O €

O(r)}-
Theorem 4.1. Suppose that m > coo, 2| X ||3nr and
yi=a] XXTa; =[] X|3, i=1

RN )

where a; € R™ is the Gaussian random vector. Let Uy be the output of Algorithm 3.1 with
ay, > Cy/log(ckr), where k = o1/0, denotes the ratio of the largest to the smallest nonzero
eigenvalues of the matriz X X 7. Then with probability at least 1 — 6 exp(—Q(n)) we have

oy
d(UO) S gv

where ¢, co and C are absolute constants, and d(Uy) is defined as

d(Uy) = Oren(igr(lr) IXO — Upl| r-

We next consider the convergence property of Algorithm 2.
Theorem 4.2. Suppose that m > coo, 2| X || }nrlog(cir|| X||%/0,) and
yi=a] XX Ta; =[] X|3, i=1

RN ()

where a; € R™ is the Gaussian random vector. Then the following holds with probability at least
1—Cexp(—Q(n)). For all Uy € R"*" satisfies d(Uy) < \/0,/8, the Ugt1 defined by the update
rule (3.2) with the step size p < m satisfies

F

AUn) < (1= p0) " aw). (4.1)

where py = 2o, /7.

Combining Theorems 4.1 and 4.2, we can obtain the following corollary which shows that
Algorithm 2 is convergent with high probability provided m > Cnrlog(er).
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Corollary 4.1. Suppose that m > coo;, 2| X||4nrlog(cir|| X||% /o) and yi = af XX Ta; =
llal X3, i = 1,...,m where a; € R™ is the Gaussian random vector. Suppose that € is an
arbitrary constant within range (0,+/0,/8). Then with probability at least 1 — C exp(—(n)),
Algorithm 2 outputs Ur satisfying

d(UT) S €

Or

. . a'i 1 —
provided the step size p < Sl XTE where T' > log g% log T and py =
Proof. According to Theorem 4.1, with probability at least 1 — 6 exp(—£(n)) we have

d(Uy) < \/g

From the iterative inequality (4.1) in Theorem 4.2, we obtain that

2uo,
7 -

d(Ur) < (1 - po)l/zd(UT,l) < (1 - pO)T/2d(U0)

[o, T/2
< g(l _pO) <eg,

which holds with probability at least 1 — C' exp(—Q(n)). O

Remark 4.1. According to Theorem 4.2, to guarantee Algorithm 2 converges to the true
matrix, we require that the step size

p < 0}/ (Corll X||%). (4.2)

Noting that | X||% = (01 +---+0,)? < r?0%, we have 02 /(Co1 || X||%) > 1/(Ck3*r?|| X ||%) which
implies that
p < 1(Crr?| X% (4.3)

is enough to guarantee (4.2) holds. Recall that the algorithms in [23] and [27] require that
p < (1/Cn*log*(nr)|| X||%) and p < C/(kn|| X ||%), respectively. Comparing with the step size
in [23] and [27], our step size is independent with the matrix dimension n.

5. The Proof of the Main Results

In this section we give the proof of the main results. To state conveniently, for U € R™*",
we set
X = Xy := argmin ||U — Z|| , (5.1)
Zex

where X :={XO : 0 € O(r)}, and O(r) is the set of r x r orthogonal matrices.

Motivated by the results in [3], we next give the definition of the regularity condition. Under
this condition, we shall prove that our algorithm converges linearly to the true matrix X if the
initial guess is not far from it.

Definition 5.1 (Regularity Condition) We say that the function f satisfies the regularity
condition RC (v, \,€) if there exist constants v, X such that for all matrices U € R™"*" satisfying
d(U) < e we have

_ 1 _
<vfcx(U)vU_X> Z ;U’I"HU_XH%‘—F vfcx(U)||2F7

o |
AIX 1%
where V fox(+) is defined in (3.3) and X is defined in (5.1).
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Under the assumption of f satisfying the regularity condition, the next lemma shows the
performance of the update rule.

Lemma 5.1. Assume that the function f satisfies the regularity condition RC(v, &) and
d(Ug) < e. If we take the step size p < min (ﬁ,)\”%), then Ugr1 = U — pV fex(Uk)

%

2u0,
amﬂ)g,h_%fﬂmy

Proof. To state conveniently, we set

satisfies

X}, := argmin |Uy — Z||p. (5.2)
Zex

Under the regularity condition RC(v, A, €), we have

d(Up11)* < U — Xi — iV fox(U) |3
= [|Ux — Xl — 2V fex(Ui), U — Xi) + 2|V fex (Up) || 7

_ 1 - 1
< 10 = Xllt = 2u(500Uk = X1+ 5 [V fex(UF) + 121V fox )
F

2p0r o112 2 2
=(1- Uy, — X — ———5)IVfex (U
(12422 0 = Sl + o = 5 IV O
2poy
g@—‘f)amﬁ, (5.3)
where the last inequality follows from p < W O
F

Based on Lemma 5.1, the key point to prove Theorem 4.2 is to show that the function f
satisfies the regularity condition with high probability. The next lemma shows that f satisfies
the regularity condition provided m > coo, 2|| X ||%nrlog(cir|| X||% /o).

Lemma 5.2. Suppose m > coo, || X||%nrlog(cir|| X||% /o) and f is defined as (1.2). Then

2 4
f satisfies the regularity condition RC (7, %, %UT) with probability at least 1 —

Cexp(—Q(n)), where « is the constant in V fox and C, ¢y, c1 are universal constants.

We next state the proof of Theorem 4.2.

Proof of Theorem 4.2. According to Lemma 5.2, if m > coo;, 2| X ||3nrlog(cir|| X ||% /04 ),
then f satisfies the regularity condition with v = 7, A = 250020 || X || /02 and € = /0, /8 with
probability at least 1 — C'exp(—€(n)). Noting that d(Ux) < /40y, Lemma 5.1 implies that

2u0, 2u0,\1/2
< - - — —
d(Uk+1) < /1= ——d(Uk) (1 - ) d(Uk)

provided that the step size satisfies

v 2 ol _ ol
20, M| X 1%

p < min = = )
( 1250201 || X[|§: c2on || X%

O

We remain to prove Lemma 5.2. To this end, we introduce one proposition and the full

details can be found in the appendix.
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Proposition 5.1. Assume that | X||r = 1 and that m > coo; *nrlog(cir/o,). Then with
probability at least 1 — Cexp(—§(n)), the followings hold for all matrices U € R™™" satisfying

dU) < /%
(@) (Vfex(U),H)>0.1660,|H|% +0.78 (tr*(H ' X) + |H " X|%), (5.4)

2 ||V fex (U)]|2
(b) %< 1.223041 || H||% + tr*(H ' X) + | H T X||%,, (5.5)

where H=U — X and X is defined in (5.1).

Now, we can give the proof of Lemma 5.2.

Proof of Lemma 5.2. In order to prove Lemma 5.2, we only need to consider the case where
|X||F =1. For any 0 < v < 1, multiplying vo,. /o1 on both sides of (5.5) we have

YOIV fex(U) |15
320y (| H|IE + 1X1%)
< 1.223vy0,||H||% + yo,tr (H—r )/ o1 —i—WUTHHTXHF/ol

Note that o, < 1. Taking v = 0.166/12.23 and then combining with (5.4), we obtain

03|V fex(U) || %
222020y (| H|% + [ X[1%)

3
7 IV fex (U)

(Vfex(U), H) > 0.14940,.| H||% +

o,

> 014940'r||H||2F + m

o, < 2]|X||% in the last line. Thus we have

where we use ||H||% < :

1
8
1 2

for v > 7 and A > 2500207 /o with probability at least 1 — C exp(—Q(n)), if m > coo, ?nr log
(c1r/oy). O

6. Numerical Experiments

The purpose of the numerical experiments is the comparison for the exponential-type gradi-
ent descent algorithm with the gradient descent algorithm [23]. In our numerical experiments,
the target matrix X € R™*" is chosen randomly in standard normal distribution.

Example 6.1. In this example, we test the success rate of the exponential-type gradient de-
scent algorithm with different parameter o. Let X € R™*" with n = 200, r = 2, the parameter
o, = 9 in spectral initialization and the step size p = 0.1-m/ Y " | y;. We test the performance
with taking o = 20 and 100, respectively. The maximum number of iterations is 7' = 3000. For
the measurement number, we vary m within the range [nr, 4nr]. For each m, we run 100 times
and calculate the success rate. We consider a trial to be successful when the relative error is
less than 10~° and the relative error is defined as

|XO-U'lr _ | XZVT —U'||r

min - 9
oeory | X|lr X1 7
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—o— Exponential-type gradient with a=100

I
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Fig. 6.1.: Success rate experiments: Empirical probability of successful recovery based on 100
random trails for different m/nr. Take n = 200, = 2 and change m/nr between 1 and 4.

where ZDV' T is the singular value decomposition of X TU*. Fig. 6.1 shows the numerical
results for exponential-type gradient descent and gradient descent algorithm. The figure shows
that exponential-type gradient descent algorithm achieve 100% recovery rate if m > 4nr and
the empirical success rate is better than the gradient descent algorithm.

Relative error vs iteration count (noiseless)

Relative error vs iteration count (noise)

Relative error (Iog10)
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T 1
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—o—Exponential-type gradient with =100
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T 10°

Iterations (Iog10)

(b)

Fig. 6.2.: Convergence experiments: Plot of relative error (log(10)) vs number of iterations
(log(10)). Take n = 200, » = 2 and m = 3nr and the measurement vectors are Gaussian

random vectors.
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Fig. 6.3.: Convergence experiments:

Iterations (log10)

(b)

Plot of relative error (log(10)) vs number of iterations

(log(10)). Take n = 100, r = 5 and m = 3nr and the measurement vectors are Gaussian

random vectors.
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Example 6.2. In this example, we test the convergence and robustness of the exponential-type
gradient descent algorithm. We use noiseless model for (a) to test the convergence and use the
noise model for (b) to test the robustness. The noise model is described as y; = aZ—TXXTal- +€;
where the noise ¢; ~ N(0,0.1%), i = 1,...,m. We take the parameter o, = 9 in spectral
initialization and the step size p = 0.1-m/> i~ y;. Let X € R™*" with n = 200,7 = 2 (or
n = 100, = 5) be generated by standard normal distribution. We take m = 3nr. We consider
the performance with o = 20 and 100, respectively. Figs. 6.2 and 6.3 depict the relative error
against the iteration number with different random measurement ensembles. From the figures,
we observe that our exponential-type gradient descent algorithm converges faster.

7. Appendix

7.1. Proof of Theorem 4.1

Proof. By homogeneity, it suffices to consider the case where || X||p = 1. We assume that

X = (z1,...,2,) € R™" has orthogonal columns satisfying ||z1]l2 > --- > ||z, ||2. Recall that
01 > 09 > -+ > o, > 0 are the nonzero eigenvalues of the positive semidefinite matrix X X T
and then

oj = |lz;ll3, for 1<j<r
From Lemma 2.3, for € > 0, we have
liazXXTOLk:iiyke[1—51—|—<€] (7.1)
m m ) )
k=1 k=1
with probability at least 1 — 2exp(—Q(n)), if m > Cn where C' is a constant depending on e.
Here, we use the fact that | XX |, = || X||% = 1. The (7.1) implies that
Lyic-9a) S Lyicr sy S D<oy (7.2)
Recall that Y = L 3™ yiaia;r]l{yigrjn_y s gy Lhe (7.2) implies that
Yo=Y =N (7.3)

holds with high probability where

1 & 1
Yy = o Zyiaia:ﬂ{yig(ps)ay}, Yy = o Zyiaia;'r]l{yig(lJrs)ay}-
i1 i=1

We claim the following results:

Claim 7.1. For any 0 < § < 1, if oy > C+/log(cro1/9d), then
IEY: —2X X" — 1|2 <6,  |EY; —2XX T — 1|5 <4 (7.4)

The (7.4) implies that ||EY7||2 > 14201 —46 and |EY3||2 > 14207 —§. We can use Lemma 2.1 to
obtain that if m > C§72(1+ 2071 — §)~2n, and then with probability at least 1 — 4 exp(—Q(n)),
we have

where C' is a positive constant. Indeed, in Lemma 2.1 we take the i-th row of A as b} :=
V0] Ly <(1+e)a,} and set ¥ = EY; with [[EYi2 > 14 201 — & and ¢ = §||EY1[|2y/m. Then



650 M. HUANG AND Z.Q. XU

we can obtain ||Y; — EYi||2 < §. Similarly, we have ||Y2 — EYz2||2 < ¢ if we take the i-th row of
Aasb] = \/Ea;r]l{yig(l,s)ay} and set X := EY5.
Combining (7.3)—(7.5), we have

[V —2XXT — 1|y <26 (7.6)

with probability at least 1 — 6 exp(—Q(n)) provided m > C§~%(1 + 201 — 6) n and «ay, >
Cy/log(croy/8). Furthermore, from Wely Theorem we have

A1 — 1] <25 and |\, — 1] < 26. (7.7)

Next, we turn to consider d(Up). Recall the definition Uy = UXY/? in Algorithm 3.1. Here,
U = (u1,...,u,) where ug is normalized eigenvectors corresponding to the eigenvalues Ay of
Y for k =1,...,r, and the scaling of the diagonal matrix ¥ is given by 3;; = (Ai — Ar+1)/2.
Hence,

1UU — XX T2

A

1 1 1 1 1
1UU, — §Y+ 5)\r+1f||2 + ||§Y - 51— XX+ §||()‘r+l — DIz

1 1
5()‘r+1 —An) +0+ Q(ATH —1) < 44,

where the second inequality follows from (7.6) and the last inequality follows from (7.7). Then,

IN

using the following fact (see, e.g. the Initialization of [27])

UU — XX 7|2
min (U, - x|} < 100 e
0€0(r) (2v2 - 2)o,

and taking § < 18”\“"/? we obtain

2r|UgUy — XX T||2 - 3212
(2v2 - 2)o, ~(2v2 - 2)o,

where we use | A||p < /rank(A)| A2 in the first inequality. The choice of § implies that the
measurements m > Co, 2nr and a,, > C/log(c'kr), where = 01 /0, denotes the ratio of the
largest to the smallest nonzero eigenvalues of matrix X X '.

We remain to prove Claim 7.1. There exists an orthogonal matrix O € R"*" such that
X = O(||z1]|2€1, - - -, |z ||2€r). Then

a.
mi Uy — XO 2 < < -r
Oe(g(lr) 1o IF < - 8’

OT(EY; —2XX T —1)O=0"EY,0 — (22 lzkll3ene) + I) ,
k=1

OTEY10 =E | Y ||lzkll36f saia] Lis; | o202, <(14)ay} | (7.8)
k=1
A simple calculation is that
£ |3 vttt | =23 lolee + 1 79)
k=1 k=1
which implies that
O'EY10 <2 ||lzkl3erey + 1, (7.10)

k=1
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where we write Mo < M, if all entries of M7 — M are nonnegative. On the other hand, from
(7.8) we obtain that

O'EY,0 =E lz k30 raia T] —-E lz kaHgaikaiaiTﬂ{Zgzl ||:Ek”§a7,2,k>(1+6)04y}‘| - (7.11)

k=1 k=1

For any 1 < j,I,k <r and é > 0, by Holder’s inequality we have

E laxli30? a2 0y foalizaz o> 000

<llz1/34/Elaf ja,] - {Z”Ik”zazk 1+5)}

14+¢)%a? 1
<Cy e ( ~Comin (il (LEe)any
i+ ol TealB

<Cioyexp (—Co(1 +¢)%ar) < g (7.12)

provided o, > C+/log(croy/d), where the second inequality follows from Lemma 2.2 and the
third inequality follows from the fact that || X||r =1 and ||z,||2 < -+ < ||z1]]2 < 1. The (7.12)
implies that

E [Z lekll3a? kaia) Lissy iz k><1+a>ay}] ol (7.13)
k=1

Thus, combining (7.9), (7.11) and (7.13) we have
OTEY10 > 23 ||lzkl3ene) + (1 — ). (7.14)
k=1

Combining (7.10) and (7.14) and noting that O TEY;0 is a diagonal matrix, we obtain
|IEY; —2XXT —Ifo = |OT(EY; —2XXT —1)O||2 < 4.

Similarly, we can obtain |[EY> —2X X " — I||> < 4, which completes the proof. O

7.2. Proof of Proposition 5.1

We always assume that || X ||z = 1 throughout the proof. We set H := U — X where
X = argmin ||U — Z||r and X is the solution set. Then the exponential-type gradient descent
Zex

algorithm can be rewritten as

1 « = = my;
Vix(U)=— THHTai + Qa;rHXTai aia;-rH + aiaZTX - exp (—T> . (7.15
o p” g ) ) ST (7.15)
For convenience, we let
my; .
Pia i =exp| ——=m— |, ¢ =1,...,m. 7.16
( ity yi) ( )

To prove Proposition 5.1, we need the following lemmas.
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Lemma 7.1. For any fived o > 20 and 6 > 0, if m > coa®5 2nrlog(\/7/9), then with proba-
bility at least 1 — C exp(—Q(a=26%m)), the followings hold for all non-zero matriz U € R™ "

(af HX Va;)?pia > (0.780, — 20)| H||% + 0.78tr*(H " X) + 0.78||H " X || %,

(@)

S~

@
I
=

(a] HX a;)?pi0 < (01 +20)|H|| % + tr*(H' X) + |H " X|%,

S

Il
=

(b)

2

where C, cqg are universal constants.

Proof. Suppose for the moment that H is independent from a;. By homogeneity, it suffices
to establish the claim for the case |H| p = 1. From (7.1) we have

a] XX Ta;

a] XX Ta;
- < pia < - 7.17
eXp( 0.99a ) = eXp( 1.0la ) (7.17)
with high probability. For convenience, we set
al XX Ta;
Di o i= ————), di=1,...,m. 7.18
pi. eXp( 0.99a ) ' " (7.18)
Noting that a; XX "a; = a,] X X "a;, we have
L~ T eT 22 L~ T et s
— HX ;) pia > —  HX ' a;)*pia 7.19
> (a; )’ pia > — (a; ai)’p;, (7.19)

m 4 ‘
i=1 =1
We claim the following results:

Claim 7.2. For any fixed parameter o > 20 it holds

1) E[(a] HX a;)?] > o, |H|} + t*(H' X) + |H X[,

2) E[(¢] HX "a;)?] < on||H|} + 0 (H ' X) + || H X%

3) E [(aiTHXTai)Qﬁiya} > 0.78E [(aiTHXTai)Q].
Then combining 3) and 1) we obtain that

E [(a; HX "a;)’pi.a] > 0.780.(|H|% + 0.78tr*(H " X) + 0.78| H " X| 7.
Since
(af HX "a;)*pi0 < (a; XX "a;)pio(a] HH " a;)

and (a; XX "a;)p;.« is bounded, it means that (a;] HX "a;)?p; o is a sub-exponential random
variable with ¢; norm O(a|/H||%). We can use Lemma 2.2 to obtain that
1 — . .
— > (0] HX "a;)?pi.0 > E[(a] HX "a;)?pi.a] — 0| H||%
i=1

> (0.780, — 0)|| H||% + 0.78tr*(H " X) + 0.78||H " X||% (7.20)
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holds with probability at least 1 — exp(—Q(a~2§?m)) where § > 0. Combining (7.19) and
(7.20), we obtain that (a) holds for a fixed H € R"*".

We construct an e-net Ne C R™*" with cardinality |Ne| < (1 + 2)"" such that for any
H € R™*" with ||H||p = 1, there exists Hy € N, satisfying ||[H — Ho||p < e. Taking a union
bound over this set gives that

1 & _ _ _
— > (0] HoX "ai)*pi.a > (0.780, — 8)|| Ho|| % + 0.78t* (Hy X) + 0.78| Hy X |7
i=1

holds for all Hy € N with probability at least 1 — (1 + 2)"" exp(—Q(a~26?m)). Note that
Pi.o < 1 for all <. Then there exists a universal constant ¢; > 0 such that

(CL;-FHXTCLi)2pLa —

NE

1 1 & _
—_— —_— Z(CL;-FH()XTCM)2[)LQ
my 1 m =1

-
Il

< |aiTHXTaZ- — aiTHOXTai}

IV

3=

=1
<ca|HXT — HoX ||, < eivr|H — Hollp < e1v/7e, (7.21)

where we use Lemma 2.3 in the second line, the fact || A« < /rank(A)||Al|F in the third line.
Indeed, according to Lemma 2.3, for any § € (0,1), if m > cod~2n, then with probability at
least 1 — C'exp(—Q(n)) we have

1 m
- Z ‘aZTHXTai — aZTHOXTcLi|
m =1
<A+)HX"T —HoX T« <er|HX " — HoX ..

By choosing € = ﬁ in (7.21), we conclude the first part of lemma.

We now turn to the part (b). The estimate (7.17) implies that
< a] XX Ta;
i S € T T T

Pio =P 1.0la

holds with high probability. It gives that

1 ¢ TrrvT . 32 1 ¢ TrrvT . 32 a] XX a;
— N (@l HXTa)?pia < — Y (¢ HX 0 _Los T
Y T 5 (T M e (<50
From Claim 7.2, we have
al XX Ta;

TeT, )2 _
E[(ai HX 'a;) exp( Lol

)] < o |[HI + 2 (HTX) + |HT X2

— T T
Similarly, (a;-'— HXTa;)?exp (— %) is a sub-exponential random variable with sub-exponential

norm O(c||H||%). Then, we can employ the method for proving part (a) to prove part (b).

Lemma 7.2. For a fized A > 0, for any H € R™ " and § > 0, if m > cod2X"2nrlog(y/7/(6N)),
then with probability at least 1 — C exp(—Q(62A%m)), we have

1« a] HHa;
— (o] HH " a;)*exp (—)\17
m 2 IH 1%

) < QHHT|2 + (26 + 1)||H]||%
=1

Here, co, C' are some universal constants.
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Proof. Without loss of generality, we only need to prove the lemma in the case |H||r = 1.
It is straightforward to show that

E [(a] HH " a;)* exp (=Aa] HH "a;)| <E [(af HH "a;)*| = 2|HH"||% + | H||%.
Observe that (a;] HH "a;)? exp ( Xa] HH Tai) is a sub-exponential random variable with sub-

exponential norm O(1/\ - ||H||%). According to Lemma 2.2 we have

1 8
— > (ol HH T a;)? exp (~Xa] HH " a;) < 2| HHT || + | HI[; + | H |7
i=1

with probability 1 — exp(—€(63m)). We next construct an e-net N, with [N¢| < (1+ 2)™" such

that for any H € R™*" with |H||r = 1, there exists Hy € N, satisfying ||H — Ho||r < €. Since

22e7*7 is Lipschitz function with Lipschitz constant O(1/)2), we have

\
Sl

m 1 m

E a] HH " a;)% exp ( - )\alTHHTai) - = E (a] HoHy a;)? exp ( - )\alTHOHJai)
m

=1 i=1

SIH

af HH "a; — a] HoH, a;| <

)

Co \/FE
22

do A

where the last inequality follows from Lemma 2.3. By choosing € = o e obtain
1 & T T T T T2 4 209
EZ( HH " a;)* exp (~Xaj HH "a;) <2A[HH |7 + | HF + == H| 7

i=1
with probability at least 1 — exp(—Q(62m)) if m > cod, *nrlog(y/r/(3pN)). Finally, noting that

|H||F =1 and taking §yp = Ad, we arrive at the conclusion. O

Corollary 7.1. Foranyd > 0,U € R™*" and H = U-X, ifm > coa?5 20, 2nrlog(a/1/(60,)),
then with probability at least 1 — C exp(—(n)), it holds

1 m
= (o] HH a:)*pio < 2| HH [} + (26 + 1) H]|}.
i=1
Proof. Since o, is the smallest eigenvalue of X X T, we have

yi =a; XX a; > opllas||?,

which implies that

i XX Ta; i
Jaul|? < =t = 2 (7.22)
Or Or
On the other hand, we have
af HH " a; < | H|%]|a||*. (7.23)

Combining (7.22) and (7.23), we obtain that

a] HH "a;

(7.24)
IH (%

inU’I‘
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According to (7.17) and (7.24), we obtain that

1 i T T 2 1 i T T 2 Oy aTHHTai
— s HH ' a;)"pia < — ; HH ' a; - - .
ST = ST (e

We take A = +2=— in Lemma 7.2 and arrive at the conclusion. [l

_or
T.0la
Proof of Proposition 5.1. To state conveniently, we set

m m

1 2 .
g = m Z(GIHHTai)QPi,m 7= m Z(GIHXT%)QPM-

i=1 =1

According to the expression of exponential-type gradient (7.15), we have

(Viex(U), H) = % +~2 + 3 § (af HX Ta;)(a] HH " a;)p;.o
m
=1

3 m B m
2B 497 = =\ | > (0l HXTa:lpia - | D (a] HH ai)pia
=1 i=1

72 9 o 12_72 D 2
>(5-5) -7 -5

LS ToeT 2 5 N T T2

=— ; HX ;) pia — ——  HH  a;)pi

m;:l(az ai)” pi, 4mi§:1(az ai)”pi,

5(202 + 1)

Ll

- - 5
>(0.780, — 261)||H||% + 0.78tr>(H " X) + 0.78|H " X ||% — §|\HHT||2F —

5(28, + 3)

> (0.780'7« — 261 — 1

|H|%> VEIZ +0.78 (n®(HTX) + |[HTX|3).

. . . . . . 2 2 2
where we use Cauchy-Schwarz inequality in the second line, the inequality (v — 3)* > & — f
in the fourth line, Lemma 7.1 and Corollary 7.1 in the sixth line, and the fact that |[HH | p <
| H||% in the last line. Note that [|[H||% = ||[U — X||% = d(U)* < %0,. Taking 61 < {-0, and

0o < %6, we obtain that

(Vfex(U), H) > 0.1660, | H||% + 0.78 (r*(H ' X) + | H " X|})

with probability at least 1 — Cexp(—Q(n), if m > coo, ?nrlog(cir/o,). This implies the part
(a) holds. Next, we turn to the part (b). We consider

max
Wl p=1,WeRnxr
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on the case where H = U - X < UT Recall the notation p; ,, in formula (7.16), and we have

(Y fex (U), W)[?

( 2
o m
i=1 i=1

Z (af HH "a;)(a] HW " a;)pio + — Z(aIHXTai)(a:HWTai)piya

SIH

Ms

1
+_
m

Il
-

3

2
_ 2 _ _
(a] HH a;)(a] XW T a;)pi0 + — Z(aZHXTai)(anWTai)pi,a>
m
=1

2

i=1

ae

We first consider the term 4 (% ZZI(a;-'—HHTai)(aZTHWTai)pi)a)? Using Cauchy-Schwarz
inequality, we obtain that

1
4 (_
my
§4< (aiTHHTai)Qpi_’a> (
i=1

1
<4 (— (aiTHHTai)Qpi)a> (
=

According to Corollary 7.1, we have

2
1 & 1 -
<4 = JHH a;)(a] HW  a;)pi.0 16 [ — THX "a)(a] HW  a;)p; o
(Sl ol 1 ) 36 3Tl 1

SIH

(

=1
m 2 m 2
Z a; HH " a;)( TXWTai)pi,a> +16< Z af HX Ta;)( TXWTai)pi,a> .

NE

2
(a;-rHHTai)(a;rHWTai)pi)a>
1

3=
NE
3=

(aiTHWTai)Qpi_,a>

NE
M- M-

S

(aiTHHTai)(aiTWWTai)Pi,a> .

m

1
Y (al HH a;)pio < 2IHHT|F + (202 + 1) H] }) (7.25)

m <
i=1

with probability at least 1 — Cexp(—(n)) provided m > ¢y, 2o; 2nrlog(y/r/(d20,)). Noting
that a] XX Ta; > o,|a;||? and o] HH "a; < ||H||%||la;||? we have

aiTXXTaZ- oy alTHHTai q aiTXXTai N O alTWWTai
an
2.02a¢ 2.02a||H||% 2.02ac 2.02«

It gives that
(a;-rHHTai)(aZTWWTai)pi)a

<(a; HH"a;)(a; WW T a;) exp (—

aiTXXTai
1.01c

-al HH "a; or-a] WWTa;
<(a] HH a; _Tr 4 2R G T T g, e N
=(a; ai) exp ( 2,020 H|| (a; ai) exp 2.020

1.0l
<l (B2

(7.26)
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where we use inequality ze 7 < 1/(ey) for any z > 0 in the last line. Combining formulas
(7.25) and (7.26), we obtain

2
L= Tt T T
4| = , HH " a;)(a; H i)Pisa
<m§:<a1 @)l HW a))p,

i=1

1.0l
<a(Z22) AR @IHHT 3 + 20+ DIHIE)

The other three terms can be bounded similarly. For the second term, we have

2
( Z (a] HX Ta;)( THWTai)pi7a>

<16 (

1.0l
<a( 222V IHIE (o + 260)

SIH

i=1

m 1 m
o] HXT T T N2
HX "a;)’pia  HW " a;)"pio
E: a;)?pi )(mg (a; a)py)

[H|[% +4te*(HTX) + 4] HTX|%)

with probability at least 1 — Cexp(—Q(n)) provided m > cod; *nrlog(y/7/61), where we use
the part (b) of Lemma 7.1 in the last line. The third term and fourth term can be bounded as

2
1 m B
4 = THH a)(a] XW T a;)p;i
(m ;Zl(az ai)(a; ai)pi,

1.01a\2
<A(==) IXIE IHHT I} + 20 + DI HE).,

eo,

m

(ii a] HX Ta;)(a; XWT al)pla>

1.01a
<(

VI (4o + 200) | + 40 (H ) + 4 1T XE)
Putting there inequalities together and noting that |[HH " ||r < ||H||%, we have

L2 < (22N (HI2 4 1X12) ( (40, + 861 + (26, + 3| H|Z) || H]2
[V ex (U7 < o (IH 7 + | X[|7) ( (401 + 801 + (262 + 3) || H||Z) | H|| %

+atr? (H T X)+4|H T X||7).
Furthermore, noticing that ||H||%. < 20, and choosing 61 < -0, 62 < -, it follows that

16-7 —
a7 |V fex(U) |7
302 (| H|I% + 1X]17)

< 1.22301 || H||% + tr*(H'X) + | H X||%

with probability at least 1 — Cexp(—Q(n), if m > coo, 2nrlog(cir/o;.).

The rest paper is to check the Claim 7.2. For 1) and 2) of the Claim 7.2, let O; =
argminoco(||U — XO||p, then X = XO;. Recall that X has orthogonal column vectors,
and then there exists an orthogonal matrix Oz € R™*™ such that X = Oa(||z1]|e1, ..., ||z-]ler).
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Let H := HOY, H= O;—fl and ﬁs, hs, s denote the sth column of fl, H.X respectively, and
a; s denotes the sth entry of a;. It follows that

E [(aZTHXTai)Q} =E [(aIIA{XTai)ﬂ = E(a; O2HX "0,0, a;)

~ ~ ~ 2
=E(a HX "O20;) =E [||$1||(h1Tai)ai,1 ot ||$r||(h:ai)az‘,r]

=K Z ||$SH hTal s T Z HxSHkaH(hTal)(hk Qi) @i, s ik

s#k
- Z (20l + 2sl1232.) + D Isllonll (oo + hophis) — (7:27)
= s#k
- Z a2 )2 4+ 3 Nzl (Al eshi ex + bl exhie, )
s,k
= Z ||$S||2||;LS||2 + Z(mgﬁsxgﬁk + xzﬁkxglt%)
s=1 s,k

> o | H|% + (X TH) + (X THX TH)
=0 ||H|% +tr?(H'X) +tr(H'XH" X)
= o[|H|% + 0 (H'X) + |HX| %, (7.28)

where the last equation follows from that H' X is a symmetric matrix and the symmetry of
HXT = (U-X)XT can be seen by the singular-value decomposition of X " U. More specifically,
suppose that the singular-value decomposition of X 'U is WDV T, then we have

O = argmin |U — XO||r = argmax(X O, U) = argmax(O, WDV ") = WV ",
0€0(r) 0€0(r) 0€0(r)

Therefore, UT X = UTXWVT = VDV is a symmetric matrix, which implies that H' X =
UTX — XTX is also symmetric matrix.

Similarly, from formula (7.28), it is easy to obtain
E((a] HX "a;))’] <ov|H|} +t*(H'X) + |H " X|%.
For 3) of the Claim 7.2, using the notation ﬁ, H, BS, hs above, we have

E [(a] HX "0;)*pia] =E [(aiT Ax Tai)zﬁi,a}
|lz¢]|*aZ,
.
Z”“’S” (hJa:)” He ( 0090

T [E
+E ZHxSHHQCkH(h;rai)(h;az i, s ik Hex ( T0.99a

s#k

> 078 [lwsl?(2h3 s + 1s]*) + 0.78 > llas|ll|znll (s, sk g + s i)
= s#k
= 0.78E [(a; HX "a;)?],
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where the last equation follows from (7.27) and the inequality comes from the following two
inequalities (7.29) and (7.30):

T

]E{(BTG-)%Z .Hex (_M)
s @) s LESPT g g0
1 (B2 R2, . 3h2, hZ, o )
- (_11+...+ ol TSy ’+1+"'+—’+h§r+1+"'+h§n)
YWs w1 Ws—1 Ws Wet1 s i 7
1 h 7 T 7 ~

2 Tqger s e b ey 3R Ry D)

1 L
> g otyosea (2 + I1Bsl)
> 0.78(2h2 , + || hs?) .

provided a > 20 and the parameters wy,y are defined as follows:

_ lal?
" 0.495«

[EZUR [EZ1R |2 1
— 1 1)--. 1) < /0.99a
\/(0.495a T\ 04950 " 04950 1) =¢

due to the fact that 1 + 2 < e® for any > 0 and || X||r = 1. Similarly, for any s # k,1 <
s,k <r, we have

WE +1<1.102,V1<k<r,

E

(iLTai)(iLkTai)ai @ik - ﬁexp — M
. stortll 0.99a

il,s Sil ils il s T 7 7 7
Dok F NoklWhes 0 78 g e+ s o). (7.30)
YWsWi
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